
ON PHYSICS

a 4!e
d applications
ation processing: an

Ie

71fields

7tional andhigh

i the theory of

!s in disordered systems

rl phenomena

Quantum Field Theory and
Critical Phenomena

Fourth Edition

JEAN ZINN-JUSTIN

Commissariat aI 'Energie Atomique
Direction des Sciences de fa matiere

Gifsur Yvette, France

CLARENDON PRESS· OXFORD

2002

/

Quantum Field Theory and
Critical Phenomena

Fourth Edition

JEAN ZINN-JUSTIN
Commissariat aI'Energie Atomique
Direction des Sciences de la matiere

Gifsur Yvette, France

CLARENDON PRESS' OXFORD

2002

/



! of inspiration or complement

he Theory of Quantized Fields

nics, and Relativistic Quantum

ademic Press, New York 1966);
, & Sons, New York 1972) and
;e University Press, Cambridge

75;
:!ds., Proceedings ofLes Houches
,
C. Domb and M.S. Green eds.
" Field Theoretical Approach to
I. Zinn-Justin;
jamin, Reading, MA 1976);
Theory and Statistical Physics,

3reach, Amsterdam 1998);
:McGraw-Hill, New York 1980);
~ction to Quantum Field Theory

tin, Reading, MA 1980);
~d Theory (Harwood Academic,

,anics, R. Stora and J.-B. Zuber
(Elsevier, Amsterdam 1984);
sity Press, Cambridge 1985);
lew York 1988);
~cademic, New York 1988);
lamps (InterEditions 1989), En
ersity Press, Cambridge 1989);
s de Jauge (Editions du CNRS,
'heory (Oxford Univ. Press, Ox-

~uantum Field Theory (Addison-

t of view is discussed in
tistics and All That (Benjamin,

ctional Integral Point of View,

ge Theories, Proceedings of Les
,tora eds. (Elsevier, Amsterdam

Contents

1 Algebraic Preliminaries .
1.1 Gaussian Integrals .
1.2 Perturbation Theory. Connected Contributions. Steepest Descent
1.3 Complex Structures .
1.4 Grassmann Algebras. Differential Forms
1.5 Differentiation in Grassmann Algebras
1.6 Integration in Grassmann Algebras . .
1.7 Gaussian Integrals with Grassmann Variables
1.8 Legendre Transformation .
1.9 Generating F\mctionals. Functional Derivatives. Determinants

Bibliographical Notes . . . . . . . . . . . . . .
2 Euclidean Path Integrals in Quantum Mechanics

2.1 Path Integrals: The General Idea .
2.2 Path Integral Representation: Special Hamiltonians
2.3 Explicit Evaluation of a Path Integral: The Harmonic Oscillator
2.4 Partition Function. Correlation Functions . . . . . . . . . .
2.5 Generating Functional of Correlation Functions. Perturbative Expansion
2.6 Semi-Classical Expansion

Bibliographical Notes . . . . . . . . . . . . . . . .
A2 .
A2.1 The Two-Point Function: Spectral Representation

3 Path Integrals in Quantum Mechanics: Generalizations
3.1 General Hamiltonians: Phase Space Path Integral
3.2 Hamiltonians Quadratic in Momentum Variables . .
3.3 The Spectrum of the 0(2) Symmetric Rigid Rotator
3.4 The Spectrum of the O(N) Symmetric Rigid Rotator

Bibliographical Notes . . . . . . . . . . . . . . . . .
A3 Quantization of Spin Degrees of Freedom. Topological Actions
A3.1 Symplectic Form and Quantization: General Remarks
A3.2 Spin Dynamics and Quantization . . . . . . . . . . . . .
A3.3 The Magnetic Monopole _ . .

4 Stochastic Differential Equations: Langevin. Fokker-Planck Equations
4.1 The Langevin Equation . . . . . . .
4.2 A Simple Example: The Linear Langevin Equation
4.3 The Fokker-Planck Equation .
4.4 Equilibrium Distribution. Correlation Functions
4.5 A Special Case: The Dissipative Langevin Equation

1
1
3
5
6
8
9

13
16
18
18
19
20
21
24
26
29
35
39
40
40
42
42
45
50
51
54
55
55
56
59
60
60
61
63
65
67

,

Contents

1 Algebraic Preliminaries .
1.1 Gaussian Integrals .
1.2 Perturbation Theory. Connected Contributions. Steepest Descent
1.3 Complex Structures .
1.4 Grassmann Algebras. Differential Forms
1.5 Differentiation in Grassmann Algebras
1.6 Integration in Grassmann Algebras . .
1.7 Gaussian Integrals with Grassmann Variables
1.8 Legendre Transformation .
1.9 Generating F\mctionals. Functional Derivatives. Determinants

Bibliographical Notes . . . . . . . . . . . . . .
2 Euclidean Path Integrals in Quantum Mechanics

2.1 Path Integrals: The General Idea .
2.2 Path Integral Representation: Special Hamiltonians
2.3 Explicit Evaluation of a Path Integral: The Harmonic Oscillator
2.4 Partition Function. Correlation Functions . . . . . . . . . .
2.5 Generating Functional of Correlation Functions. Perturbative Expansion
2.6 Semi-Classical Expansion

Bibliographical Notes . . . . . . . . . . . . . . . .
A2 .
A2.1 The Two-Point Function: Spectral Representation

3 Path Integrals in Quantum Mechanics: Generalizations
3.1 General Hamiltonians: Phase Space Path Integral
3.2 Hamiltonians Quadratic in Momentum Variables . .
3.3 The Spectrum of the 0(2) Symmetric Rigid Rotator
3.4 The Spectrum of the O(N) Symmetric Rigid Rotator

Bibliographical Notes . . . . . . . . . . . . . . . . .
A3 Quantization of Spin Degrees of Freedom. Topological Actions
A3.1 Symplectic Form and Quantization: General Remarks
A3.2 Spin Dynamics and Quantization . . . . . . . . . . . . .
A3.3 The Magnetic Monopole .

4 Stochastic Differential Equations: Langevin. Fokker-Planck Equations
4.1 The Langevin Equation . . . . . . .
4.2 A Simple Example: The Linear Langevin Equation
4.3 The Fokker-Planck Equation .
4.4 Equilibrium Distribution. Correlation Functions
4.5 A Special Case: The Dissipative Langevin Equation

1
1
3
5
6
8
9

13
16
18
18
19
20
21
24
26
29
35
39
40
40
42
42
45
50
51
54
55
55
56
59
60
60
61
63
65
67

/



xii Contents

4.6 Path Integral Representation .
/ 4.7 General Discretized Langevin Equation

4.8 Brownian Motion on Riemannian Manifolds
Bibliographical Notes . . . . . . . . . . . . .
A4 Discrete Markov Stochastic Processes: A Few Remarks
A4.1 The Spectrum of the Transition Matrix . . . . . . .
A4.2 Detailed Balance . . . . . . . . . . . . . . . . .
A4.3 Stochastic Process with Prescribed Equilibrium Distribution

5 Path and Functional Integrals in Quantum Statistical Physics
5.1 Quantum Mechanics: Holomorphic Formalism
5.2 Holomorphic Path Integral .
5.3 Path Integrals with Fermions .
5.4 Quantum Statistical Physics: Fixed Number of Particles
5.5 The Bose Gas. Functional Integrals .
5.6 The Fermi Gas. Functional Integrals

Bibliographical Notes . . . . . . . . . .
6 Quantum Evolution: From Particles to Fields

6.1 Time Evolution and Scattering Matrix in Quantum Mechanics
6.2 Path Integral and S-Matrix: Perturbation Theory
6.3 Path Integral and S-Matrix: Semi-Classical Expansions
6.4 S-Matrix and Holomorphic Formalism .
6.5 Fermi Gas: Evolution Operator .
6.6 Relativistic Quantum Field Theory: The Scalar Field
6.7 The S-Matrix .
6.8 S-Matrix and Field Asymptotic Conditions
6.9 Field Renormalization .....

6.10 S-matrix and Correlation Functions
6.11 The Non-Relativistic Limit

Bibliographical Notes . . . . . . . . .
A6 .
A6.1 Time-Ordered Products of Operators
A6.2 Perturbation Theory in the Operator Formalism

7 Quantum Field Theory: Functional Methods and Perturbation Theory
7.1 Functional Integrals. Correlation Functions .
7.2 Pcrturbative Expansion. Wick's Theorem and Feynman Diagrams
7.3 Algebraic Properties of Functional Integrals. Field Equations
7.4 Connected Correlation Functions. Cluster Properties
7.5 Legendre Transformation. Proper Vertices
7.6 Momentum Representation .
7.7 Semi-Classical or Loop Expansion
7.8 Legendre Transformation and I-Irreducibility
7.9 Loop Expansion at Higher Orders

7.10 Statistical and Quantum Interpretation of the IPI Functional
Bibliographical Notes . . .
A7 .
A7.1 Two-Loop Calculation
A7.2 The Background Field Method
A7.3 Cluster Properties of Connected Feynman Diagrams

8 Relativistic Fermions .

69
71
73
78
79
79
81
82
83
83
86
90
98
98

106
109
110
111
113
115
119
123
124
128
131
135
137
140
141
142
142
143
145
146
149
153
159
164
167
168
172
173
175
178
179
179
180
181
184

8.1 Massive Dirac Fermi
8.2 Free Euclidean Relal
8.3 Partition Function..
8.4 Generating Function
8.5 Connection between

Bibliographical Notes . .
A8 Euclidean Fermions, S,
A8.1 Spin Group. Dirac "y

A8.2 The Example of Dim
A8.3 Traces of Products a
A8.4 The Fierz Transform

9 Quantum Field Theory:
9.1 Divergences at One-I
9.2 Divergences General
9.3 Classification of ReD(
9.4 Operator Insertions:
9.5 Momentum Cut-Off I

9.6 Lattice Regularizatio
9.6 Dimensional Regulari

Bibliographical Notes . .
A9 Schwinger's Proper Tin
A9.1 Schwinger's Proper T
A9.2 One-Loop Divergence

10 Introduction to RenOl'llli
10.1 Power Counting. Di.DI
lO.2 Bare and Renormalizl
lO.3 One-Loop Divergence
10.4 Divergences Beyond (
lO.5 Callan-Symanzik Eq1l
lO.6 Inductive Proof of Re
lO.7 The (¢2¢2) Correlatai
lO.8 The Renormalized Ac
lO.9 The Massless Theory'

lO.10 Homogeneous RG F4
10.11 Covariance of RG FdI1

Bibliographical Notes . . .
AI0 !~

AlO.l Large Momentum MIl
AlO.2 Super-Renormalizable
11 Dimensional Regularizail

11.1 Renormalization Gd
11.2 Dimensional Reguladi
11.3 Minimal Subtractiou.
11.4 The Massless Theory;~

11.5 RG Functions at Two
11.6 Generalization to Sett
11.7 One-Loop RG FuncUci

Bibliographical Notes :~j

All ..~

xu Contents

4.6 Path Integral Representation 69
/ 4.7 General Discretized Langevin Equation 71

4.8 Brownian Motion on Riemannian Manifolds 73
Bibliographical Notes . . . . . . . . . . . . . 78
A4 Discrete Markov Stochastic Processes: A Few Remarks 79
A4.1 The Spectrum of the Transition Matrix . . . . . . . 79
A4.2 Detailed Balance . . . . . . . . . . . . . . . . . 81
A4.3 Stochastic Process with Prescribed Equilibrium Distribution 82

5 Path and Functional Integrals in Quantum Statistical Physics 83
5.1 Quantum Mechanics: Holomorphic Formalism 83
5.2 Holomorphic Path Integral 86
5.3 Path Integrals with Fermions 90
5.4 Quantum Statistical Physics: Fixed Number of Particles 98
5.5 The Bose Gas. Functional Integrals . 98
5.6 The Fermi Gas. Functional Integrals 106

Bibliographical Notes . . . . . . . . . . 109
6 Quantum Evolution: From Particles to Fields 110

6.1 Time Evolution and Scattering Matrix in Quantum Mechanics 111
6.2 Path Integral and S-Matrix: Perturbation Theory 113
6.3 Path Integral and S-Matrix: Semi-Classical Expansions 115
6.4 S-Matrix and Holomorphic Formalism 119
6.5 Fermi Gas: Evolution Operator . . . . . . 123
6.6 Relativistic Quantum Field Theory: The Scalar Field 124
6.7 The S-Matrix 128
6.8 S-Matrix and Field Asymptotic Conditions 131
6.9 Field Renormalization ..... 135

6.10 S-matrix and Correlation Functions 137
6.11 The Non-Relativistic Limit 140

Bibliographical Notes . . . . . . . . . 141
A6 . . . . . . . . . . . . . . . . . 142
A6.1 Time-Ordered Products of Operators 142
A6.2 Perturbation Theory in the Operator Formalism 143

7 Quantum Field Theory: Functional Methods and Perturbation Theory 145
7.1 Functional Integrals. Correlation Functions 146
7.2 Perturbative Expansion. Wick's Theorem and Feynman Diagrams 149
7.3 Algebraic Properties of Functional Integrals. Field Equations 153
7.4 Connected Correlation Functions. Cluster Properties 159
7.5 Legendre Transformation. Proper Vertices 164
7.6 Momentum Representation 167
7.7 Semi-Classical or Loop Expansion 168
7.8 Legendre Transformation and I-Irreducibility 172
7.9 Loop Expansion at Higher Orders 173

7.10 Statistical and Quantum Interpretation of the 1PI Functional 175
Bibliographical Notes . . . 178
A7 . . . . . . . . . . . 179
A7.1 Two--Loop Calculation 179
A7.2 The Background Field Method 180
A7.3 Cluster Properties of Connected Feynman Diagrams 181

8 Relativistic Fermions 184



Contents x~n

69 8.1 Massive Dirac Fermions 184
71 8.2 Free Euclidean Relativistic Fermions 190
73 8.3 Partition Function. Correlations 194
78 8.4 Generating Functionals 197

narks 79 8.5 Connection between Spin and Statistics 198
79 Bibliographical Notes 200
81 A8 Euclidean Fermions, Spin Group and "I Matrices 201

listribution 82 A8.1 Spin Group. Dirac "I Matrices 201
.1 Physics 83 A8.2 The Example of Dimension 4 209

83 A8.3 Traces of Products of I Matrices 209
86 A8.4 The Fierz Transformation 211
90 9 Quantum Field Theory: Divergences and Regularization 212

articles .. 98 9.1 Divergences at One-Loop Order: The ¢3 Field Theory 213
98 9.2 Divergences General Analysis and Power Counting 216

106 9.3 Classification of Renormalizable Field Theories 220
109 9.4 Operator Insertions: Generating Functionals, Power Counting 222
110 9.5 Momentum Cut-Off and Regulator Fields 224

m Mechanics .. 111 9.6 Lattice Regularization 228
113 9.6 Dimensional Regularization 232

nsions 115 Bibliographical Notes 237
119 A9 Schwinger's Proper Time Representation 239
123 A9.1 Schwinger's Proper Time Representation 239

'ield ... . . 124 A9.2 One-Loop Divergences 240
128 10 Introduction to Renormalization Theory. Renormalization Group Equations 243
131 10.1 Power Counting. Dimensional Analysis 243
135 10.2 Bare and Renormalized Field Theory. Operator <jJ2 Insertions 245
137 10.3 One-Loop Divergences 248
140 10.4 Divergences Beyond One-Loop: Skeleton Diagrams 250
141 10.5 Callan-Symanzik Equations 253
142 10.6 Inductive Proof of Renormalizability 256
142 10.7 The (¢2 (p2 >Correlation Function 260
143 10.8 The Renormalized Action: General Construction 260

rturbation Theory 145 10.9 The Massless Theory 262
146 10.10 Homogeneous RG Equations: Massive Theory 266

rnman Diagrams 149 10.11 Covariance of RG Functions 267
I Equations 153 Bibliographical Notes 268
;ies ... 159 AI0 270

164 A1O.1 Large Momentum Mode Integration and General RG Equations 270
167 AlO.2 Super-Renormalizable Field Theories: The Normal-Ordered Product 272
168 11 Dimensional Regularization, Minimal Subtraction: RG Functions 275
172 11.1 Renormalization Group (RG) Functions 275
173 11.2 Dimensional Regularization: The Form of Rcnormalization Constants 276

. Functional 175 11.3 Minimal Subtraction Scheme 277
178 11.4 The Massless Theory 280
179 11.5 RG Functions at Two-Loop Order in the ¢4 Field Theory 281

I

179 11.6 Generalization to Several Component Fields 286
180 11.7 One-Loop RG Functions in a Theory with Scalar Bosons and Fermions 289

ns .. 181 Bibliographical Notes 294
184 All .. 295

Contents

8.1 Massive Dirac Fermions . . . . . .
8.2 Free Euclidean Relativistic Fermions
8.3 Partition Function. Correlations
8.4 Generating Functionals
8.5 Connection between Spin and Statistics

Bibliographical Notes . . . . . . . . . . .
A8 Euclidean Fermions, Spin Group and "( Matrices
A8.1 Spin Group. Dirac"( Matrices
A8.2 The Example of Dimension 4
A8.3 Traces of Products of"( Matrices
A8.4 The Fierz Transformation

9 Quantum Field Theory: Divergences and Regularization
9.1 Divergences at One-Loop Order: The ¢} Field Theory
9.2 Divergences General Analysis and Power Counting
9.3 Classification of Renormalizable Field Theories . . .
9.4 Operator Insertions: Generating Functionals, Power Counting
9.5 Momentum Cut-Off and Regulator Fields
9.6 Lattice Regularization
9.6 Dimensional Regularization

Bibliographical Notes . . . . . .
A9 Schwinger's Proper Time Representation
A9.1 Schwinger's Proper Time Representation
A9.2 One-Loop Divergences .

10 Introduction to Renormalization Theory. Renormalization Group Equations
10.1 Power Counting. Dimensional Analysis .... . . . . . .
10.2 Bare and Renormalized Field Theory. Operator <jJ2 Insertions
10.3 One-Loop Divergences . . . . . . . . .
10.4 Divergences Beyond One-Loop: Skeleton Diagrams
10.5 Callan-Symanzik Equations . . . .
10.6 Inductive Proof of Renormalizability
10.7 The ((p ¢} >Correlation Function . .
10.8 The Renormalized Action: General Construction
10.9 The Massless Theory . . . . . . . . . . .

10.10 Homogeneous RG Equations: Massive Theory
10.11 Covariance of RG Functions
Bibliographical Notes . . . . . . . . . . . . . .
A10 .
AlO.1 Large Momentum Mode Integration and General RG Equations
AlO.2 Super-Renormalizable Field Theories: The Normal-Ordered Product
11 Dimensional Regularization, Minimal Subtraction: RG Functions

11.1 Renormalization Group (RG) Functions . . . . . . . . . . . . .
11.2 Dimensional Regularization: The Form of Rcnormalization Constants
11.3 Minimal Subtraction Scheme .
11.4 The Massless Theory . . . . . . . . . . . .
11.5 RG Functions at Two-Loop Order in the ¢4 Field Theory
11.6 Generalization to Several Component Fields . . . . . .
11.7 One-Loop RG Functions in a Theory with Scalar Bosons and Fermions

Bibliographical Notes
All .

184
190
194
197
198
200
201
201
209
209
211
212
213
216
220
222
224
228
232
237
239
239
240
243
243
245
248
250
253
256
260
260
262
266
267
268
270
270
272
275
275
276
277
280
281
286
289
294
295

I



xiv Contents

,..

A11.1 Feynman Parameters . . . . . . . . . . . . . . . . . . . .
/ 12 Renormalization of Composite Operators. Short Distance Expansion

12.1 Renormalization of Operator Insertions . . . . . . .
12.2 Quantum Field Equations . . . . . . . . . . . . .
12.3 Short Distance Expansion (SDE) of Operator Products . . . . .
12.4 Large Momentum Expansion of the SDE Coefficients: CS Equations
12.5 SDE Beyond Leading Order. General Operator Product
12.6 Light Cone Expansion (LCE) of Operator Products

Bibliographical Notes . . . . . . .
13 Symmetries and Renormalization

13.1 Preliminary Remarks
13.2 Linear Global Symmetries . .
13.3 Linear Symmetry Breaking
13.4 Spontaneous Symmetry Breaking
13.5 Quadratic Symmetry Breaking .
13.6 Chiral Symmetry Breaking in Strong Interactions

Bibliographical Notes . . . . . . . . .
A13 Currents and Noether's Theorem .
A13.1 Currents in Classical Field Theory
A13.2 Euclidean Quantum Field Theory
A13.3 The Energy-Momentum Tensor
A13.4 Energy-Momentum Tensor and Euclidean Field Theory
A13.5 Dilatation and Conformal Invariance .. . . . . . .
14 The Non-Linear O"-Model: An Example of a Non-Linear Symmetry

14.1 The Non-Linear O'-Model: Definition
14.2 Perturbation Theory. Power Counting
14.3 Regularization . . . . . . . . .
14.4 Infrared (IR) Divergences
14.5 WT Identities and Master Equation
14.6 Renormalization . . . . . . . .
14.7 The Renormalized Action: Solution to the Master Equation
14.8 Renormalization of Composite Operators
14.9 A Linear Representation .

Bibliographical Notes . . . . . . . . . . . . . .
15 General Non-Linear Models in Two Dimensions

15.1 Homogeneous Spaces and Goldstone Modes
15.2 WT Identities and Renormalization in Linear Coordinates
15.3 Renormalization in Arbitrary Coordinates, BRS Symmetry
15.4 Symmetric Spaces: Definition .
15.5 The Classical Action. Conservation Laws .
15.6 Quantum Theory: Perturbation Theory and RG Functions
15.7 Generalizations .

Bibliographical Notes . . . . . . . . . . . . . . . .
A15 Homogeneous Spaces: A Few Algebraic Properties
A15.1 Pure Gauge. Maurer-Cartan Equations ...
A15.2 Metric and Curvature in Homogeneous Spaces
A15.3 Explicit Expressions for the Metric . . . . .
A15.4 Symmetric Spaces: Classification . . . . . .
16 ST and BRS Symmetries, Stochastic Field Equations

295
296
296
300
304
308
310
311
312
313
313
315
318
322
325
330
337
339
339
340
341
343
344
346
346
348
350
352
353
356
359
362
362
364
365
365
368
372
376
377
380
385
386
388
388
388
390
391
396

16.1 Slavnov-Taylor (ST) ~

16.2 Constraints and BRS
16.3 Grassmann Coordinat,
16.4 BRS Symmetry and C
16.5 Stochastic Equations
16.6 Application: Stochasti
16.7 Langevin and Fokker-:
16.8 Time-Dependent Com
16.9 Renormalization and I

Bibliographical Notes . . .
17 From Langevin Equation

17.1 The Purely DissipativE
17.2 Supersymmetry and E
17.3 Stochastic Quantizatio
17.4 Langevin Equation an<
17.5 Scalar Supersymmetric
17.6 Supersymmetry in Fou

Bibliographical Notes . . .
A17 BRS and Supersymmetl
A17.1 Extension of BRS Sym
A17.2 Supersymmetry: The I
18 Abelian Gauge Theories

18.1 The Massive Vector Fil
18.2 Action with Fermion N
18.3 Massless Vector Field:
18.4 Canonical Quantizatiot
18.5 Perturbation Theory, Il
18.6 WT Identities, Renorm
18.7 Gauge Dependence .
18.8 Renormalization Group
18.9 The One-Loop I3-Funct

18.10 The Abelian Higgs Moe
18.11 Quantization of the H~
18.12 Physical Observables. 1
18.13 Stochastic QuantizatioI

Bibliographical Notes . . .
A18 .
A18.1 Vacuum Energy and Cl
A18.2 Gauge Dependence .
A18.3 Divergences at One-Lac
19 Non-Abelian Gauge Theel

19.1 Geometric ConstructioI
19.2 Gauge Invariant Action
19.3 Hamiltonian Formalism
19.4 Perturbation Theory, B
19.5 The Non-Abelian Higgfi

Bibliographical Notes . . .
A19 Massive Yang-Mills Fie
20 The Standard Model. A.

xiv Contents

A11.1 Feynman Parameters . . . . . . . . . . . . . . . . . . . . 295
/ 12 Renormalization of Composite Operators. Short Distance Expansion 296

12.1 Renormalization of Operator Insertions . . . . . . . 296
12.2 Quantum Field Equations . . . . . . . . . . . . . . . . . . 300
12.3 Short Distance Expansion (SDE) of Operator Products . . . . . 304
12.4 Large Momentum Expansion of the SDE Coefficients: CS Equations 308
12.5 SDE Beyond Leading Order. General Operator Product 310
12.6 Light Cone Expansion (LCE) of Operator Products 311

Bibliographical Notes . . . . . . . 312
13 Symmetries and Renormalization 313

13.1 Preliminary Remarks 313
13.2 Linear Global Symmetries . . 315
13.3 Linear Symmetry Breaking 318
13.4 Spontaneous Symmetry Breaking 322
13.5 Quadratic Symmetry Breaking . 325
13.6 Chiral Symmetry Breaking in Strong Interactions 330

Bibliographical Notes . . . . . . . . . 337
A13 Currents and Noether's Theorem 339
A13.1 Currents in Classical Field Theory 339
A13.2 Euclidean Quantum Field Theory 340
A13.3 The Energy-Momentum Tensor 341
A13.4 Energy-Momentum Tensor and Euclidean Field Theory 343
A13.5 Dilatation and Conformal Invariance 344
14 The Non-Linear O"-Model: An Example of a Non-Linear Symmetry 346

14.1 The Non-Linear O"-Model: Definition 346
14.2 Perturbation Theory. Power Counting 348
14.3 Regularization . . . . . . . . . 350
14.4 Infrared (IR) Divergences 352
14.5 WT Identities and Master Equation 353
14.6 Renormalization . . . . . . . . 356
14.7 The Renormalized Action: Solution to the Master Equation 359
14.8 Renormalization of Composite Operators 362
14.9 A Linear Representation 362

Bibliographical Notes . . . . . . . . . . . . 364
15 General Non-Linear Models in Two Dimensions 365

15.1 Homogeneous Spaces and Goldstone Modes 365
15.2 WT Identities and Renormalization in Linear Coordinates 368
15.3 Renormalization in Arbitrary Coordinates, BRS Symmetry 372
15.4 Symmetric Spaces: Definition 376
15.5 The Classical Action. Conservation Laws 377
15.6 Quantum Theory: Perturbation Theory and RG Functions 380
15.7 Generalizations 385

Bibliographical Notes . . . . . . . . . . . . . . . . 386
A15 Homogeneous Spaces: A Few Algebraic Properties 388
A15.1 Pure Gauge. Maurer-Cartan Equations . . . 388
A15.2 Metric and Curvature in Homogeneous Spaces 388
A15.3 Explicit Expressions for the Metric . . . . . 390
A15.4 Symmetric Spaces: Classification . . . . . . 391
16 ST and BRS Symmetries, Stochastic Field Equations 396



Contents xv

295 16.1 Slavnov-Taylor (ST) Symmetry .. 397

istance Expansion 296 16.2 Constraints and BRS Symmetry 399
296 16.3 Grassmann Coordinates, Gradient Equations 401
300 16.4 BRS Symmetry and Compatibility Condition, Group Manifolds 402

xiucts . . . . . . 304 16.5 Stochastic Equations · . . . 404

mts: CS Equations 308 16.6 Application: Stochastic Field Equations · . . . 409

'roduct 310 16.7 Langevin and Fokker-Planck Equations .. . . 412

$8 ........ 311 16.8 Time-Dependent Correlation Functions and Equilibrium 413
312 16.9 Renormalization and BRS Symmetry 416
313 Bibliographical Notes · . . . 418

313 17 From Langevin Equation to Supersymmetry 419
315 17.1 The Purely Dissipative Langevin Equation 420
318 17.2 Supersymmetry and Equilibrium Correlation Functions 423
322 17.3 Stochastic Quantization of Two-Dimensional Chiral Models 425
325 17.4 Langevin Equation and Riemannian Manifolds 427

330 17.5 Scalar Supersymmetric Fields Below Four Dimensions 430

337 17.6 Supersymmetry in Four Dimensions .. 436
339 Bibliographical Notes · . . . · . . . 443
339 A17 BRS and Supersymmetry. The Random Field Ising Model 445

340 A17.1 Extension of BRS Symmetries: Supersymmetry 445
341 A17.2 Supersymmetry: The Random Field Ising Model 446

fheory . . . . 343 18 Abelian Gauge Theories · . 448
344 18.1 The Massive Vector Field · . . . 448

.inear Symmetry 346 18.2 Action with Fermion Matter · . · . 452
346 18.3 Massless Vector Field: Abelian Gauge Symmetry 453
348 18.4 Canonical Quantization and Gauge Invariance 455
350 18.5 Perturbation Theory, Regularization 461

352 18.6 WT Identities, Renormalization 465
353 18.7 Gauge Dependence .. 466

356 18.8 Renormalization Group Equations 469

r Equation . . .. 359 18.9 The One-Loop ,B-Function 470

362 18.10 The Abelian Higgs Model · . 473
362 18.11 Quantization of the Higgs Model 474
364 18.12 Physical Observables. Unitarity of the S-Matrix 477
365 18.13 Stochastic Quantization: The Example of Gauge Theories 477

365 Bibliographical Notes . . · . 479

ordinates 368 A18 . . . . . . · . . . 481

Symmetry 372 A18.1 Vacuum Energy and Casimir Effect 481

376 A18.2 Gauge Dependence .. 484
377 A18.3 Divergences at One-Loop with Schwinger's Representation 485

Functions . . .. 380 19 Non-Abelian Gauge Theories: Introduction 487

385 19.1 Geometric Construction · . 487

386 19.2 Gauge Invariant Actions .. 490

es . . . . . .. 388 19.3 Hamiltonian Formalism. Quantization 490
388 19.4 Perturbation Theory, Regularization 496'
388 19.5 The Non-Abelian Higgs Mechanism 498
390 Bibliographical Notes · . 502

391 A19 Massive Yang-Mills Fields 503

inS . . ..... 396 20 The Standard Model. Anomalies 505

Contents

16.1 Slavnov-Taylor (ST) Symmetry .....
16.2 Constraints and BRS Symmetry .. . . .
16.3 Grassmann Coordinates, Gradient Equations
16.4 BRS Symmetry and Compatibility Condition, Group Manifolds
16.5 Stochastic Equations .
16.6 Application: Stochastic Field Equations . . . . . . .
16.7 Langevin and Fokker-Planck Equations .
16.8 Time-Dependent Correlation Functions and Equilibrium
16.9 Renormalization and BRS Symmetry

Bibliographical Notes . . . . . . . . . . . .
17 From Langevin Equation to Supersymmetry

17.1 The Purely Dissipative Langevin Equation
17.2 Supersymmetry and Equilibrium Correlation Functions
17.3 Stochastic Quantization of Two-Dimensional Chiral Models
17.4 Langevin Equation and Riemannian Manifolds . . .
17.5 Scalar Supersymmetric Fields Below Four Dimensions
17.6 Supersymmetry in Four Dimensions .

Bibliographical Notes . . . . . . . . . . . . . . . . .
A17 BRS and Supersymmetry. The Random Field Ising Model
A17.1 Extension of BRS Symmetries: Supersymmetry
A17.2 Supersymmetry: The Random Field Ising Model
18 Abelian Gauge Theories

18.1 The Massive Vector Field
18.2 Action with Fermion Matter
18.3 Massless Vector Field: Abelian Gauge Symmetry
18.4 Canonical Quantization and Gauge Invariance
18.5 Perturbation Theory, Regularization
18.6 WT Identities, Renormalization
18.7 Gauge Dependence . . . . . . .
18.8 Renormalization Group Equations
18.9 The One-Loop J3-Function . . .

18.10 The Abelian Higgs Model
18.11 Quantization of the Higgs Model
18.12 Physical Observables. Unitarity of the S-Matrix
18.13 Stochastic Quantization: The Example of Gauge Theories
Bibliographical Notes . . . . . . . . .
A18 .
A18.1 Vacuum Energy and Casimir Effect
A18.2 Gauge Dependence . . . . . ..
A18.3 Divergences at One-Loop with Schwinger's Representation
19 Non-Abelian Gauge Theories: Introduction

19.1 Geometric Construction . . . . . .
19.2 Gauge Invariant Actions .....
19.3 Hamiltonian Formalism. Quantization
19.4 Perturbation Theory, Regularization
19.5 The Non-Abelian Higgs Mechanism

Bibliographical Notes . . . . . . .
A19 Massive Yang-Mitts Fields
20 The Standard Model. Anomalies

xv

397
399
401
402
404
409
412
413
416
418
419
420
423
425
427
430
436
443
445
445
446
448
448
452
453
455
461
465
466
469
470
473
474
477
477
479
481
481
484
485
487
487
490
490
496'
498
502
503
505



xvi Contents

r

20.1 The Standard Model of Weak-Electromagnetic Interactions
\ 20.2 Quantum Chromodynamics: Renormalization Group

20.3 The Abelian Anomaly
20.4 Non-Abelian Anomaly
20.5 Physical Applications

Bibliographical Notes . . .
21 Gauge Theories: Master Equation and Renormalization

21.1 Notation and Geometric Structure
21.2 Quantization .
21.3 BRS Symmetry .
21.4 WT Identities and Master Equation
21.5 Renormalization: General Considerations
21.6 The Renormalized Action
21.7 Gauge Independence

Bibliographical Notes . . . . .
22 Classical and Quantum Gravity. Riemannian Manifolds and Tensors

22.1 Change of Coordinates. Tensors .... .....
22.2 Parallel n'ansport: Connection, Covariant Derivative
22.3 The Metric Tensor .
22.4 The Curvature (Riemann) Tensor
22.5 Covariant Volume Element
22.6 Fermions, Vielbein, Spin Connection
22.7 Classical Gravity. Equations of Motion
22.8 Quantization in the Temporal Gauge: Pure Gravity

Bibliographical Notes . . . . . . . . . . . . . . . .
A22 Matrix Models in the large N limit and 2D Gravity
A22.1 Quantum 2D Euclidean Gravity
A22.2 The One-Matrix Model ....
A22.3 The Method of Orthogonal Polynomials
23 Critical Phenomena: General Considerations

23.1 Phase Transitions and Transfer Matrix
23.2 The Infinite Transverse Size Limit: Ising-Like Systems
23.3 Order Parameter and Cluster Properties
23.4 Stochastic Processes and Phase Transitions
23.5 Continuous Symmetries

Bibliographical Notes . . . . . . . . . . . . .
A23 Quenched Averages . . . . . . . . . . .
24 Mean Field Theory for Ferromagnetic Systems

24.1 Ising-like Ferromagnetic Systems
24.2 High Temperature Expansion
24.3 Mean Field Approximation
24.4 Universality within Mean Field Approximation
24.5 Beyond Mean Field Approximation ....
24.6 Power Counting and the Role of Dimension 4
24.7 Tricritical Points . . . . . . . . . . .

Bibliographical Notes . . . . . . . . . . . .
A24 Mean Field Expansion: General Formalism
A24.1 Mean Field Approximation
A24.2 Mean Field Expansion

505
513
518
527
529
531
532
532
534
535
536
538
541
546
547
549
549
552
555
556
560
561
563
566
569
570
570
571
574
577
579
581
584
586
587
588
589
592
592
594
595
598
602
606
608
608
610
610
613

A24.3 High, Low Temperatun
25 General Renormalization l

25.1 Renormalization Group
25.2 The Gaussian Fixed Po
25.3 Critical Behaviour: Thl
25.4 Renormalization Group
25.5 Solution of the RG Equ
25.6 Critical Correlation Fur

Bibliographical Notes . . .
26 Scaling Behaviour in the (

26.1 Strong Scaling above Tc
26.2 Expansion around the (
26.3 Scaling Laws above Tc

26.4 Correlation Functions \III

26.5 Scaling Laws in a Magn
26.6 The N-Vector Model
26.7 Asymptotic Expansion (

Bibliographical Notes . . . .
A26 The Specific Heat for a
27 Corrections to Scaling Bet

27.1 Corrections to Scaling: I

27.2 Logarithmic CorrectiOllll
27.3 Irrelevant Operators an<
27.4 Corrections Coming frOI
27.5 Application: Uniaxial SJ

Bibliographical Notes . . . .
28 Non-Magnetic Systems an

28.1 Statistics of Self-RepelliJ
28.2 Liquid-Vapour Phase 'Ii
28.3 Superfluid Transition .

Bibliographical Notes . . . .
29 Calculation of Universal Q.

29.1 The c-Expansion ...
29.2 The Perturbative Expan
29.3 The Series Summation
29.4 Numerical Estimates of·~

29.5 Comparison with Lattia
29.6 Critical Exponents from
29.7 Amplitude Ratios ..;

Bibliographical Notes . . ."~

30 The O(N) Vector Model fc
30.1 The Large N Action
30.2 Large N Limit: Saddle I
30.3 RG Functions and Leadi
30.4 Small Coupling ConstaD1
30.5 Dimension 4: Triviality,..
30.6 The Non-Linear a-Mode:
30.7 The liN-Expansion: An
30.8 Explicit Calculations: OJ

xvi Contents

20.1 The Standard Model of Weak-Electromagnetic Interactions 505
,20.2 Quantum Chromodynamics: Renormalization Group 513

20.3 The Abelian Anomaly 518
20.4 Non-Abelian Anomaly 527
20.5 Physical Applications 529

Bibliographical Notes . . . 531
21 Gauge Theories: Master Equation and Renormalization 532

21.1 Notation and Geometric Structure 532
21.2 Quantization 534
21.3 BRS Symmetry 535
21.4 WT Identities and Master Equation 536
21.5 Renormalization: General Considerations 538
21.6 The Renormalized Action 541
21.7 Gauge Independence 546

Bibliographical Notes . . . . . 547
22 Classical and Quantum Gravity. Riemannian Manifolds and Tensors 549

22.1 Change of Coordinates. Tensors 549
22.2 Parallel Transport: Connection, Covariant Derivative 552
22.3 The Metric Tensor . . . . . . 555
22.4 The Curvature (Riemann) Tensor 556
22.5 Covariant Volume Element 560
22.6 Fermions, Vielbein, Spin Connection 561
22.7 Classical Gravity. Equations of Motion 563
22.8 Quantization in the Temporal Gauge: Pure Gravity 566

Bibliographical Notes . . . . . . . . . . . . . . . . 569
A22 Matrix Models in the large N limit and 2D Gravity 570
A22.1 Quantum 2D Euclidean Gravity 570
A22.2 The One-Matrix Model . . . . 571
A22.3 The Method of Orthogonal Polynomials 574
23 Critical Phenomena: General Considerations 577

23.1 Phase Transitions and Transfer Matrix 579
23.2 The Infinite Transverse Size Limit: Ising-Like Systems 581
23.3 Order Parameter and Cluster Properties 584
23.4 Stochastic Processes and Phase Transitions 586
23.5 Continuous Symmetries 587

Bibliographical Notes . . . . . . . . . . . . . 588
A23 Quenched Averages . . . . . . . . . . . 589
24 Mean Field Theory for Ferromagnetic Systems 592

24.1 Ising-like Ferromagnetic Systems 592
24.2 High Temperature Expansion 594
24.3 Mean Field Approximation 595
24.4 Universality within Mean Field Approximation 598
24.5 Beyond Mean Field Approximation . . . . 602
24.6 Power Counting and the Role of Dimension 4 606
24.7 Tricritical Points . . . . . . . . . . . 608

Bibliographical Notes . . . . . . . . . . . . 608
A24 Mean Field Expansion: General Formalism 610
A24.1 Mean Field Approximation 610
A24.2 Mean Field Expansion 613



Contents .1:vii

teractions 505 A24.3 High, Low Temperature and Mean Field Approximations 614
up ... 513 25 General Renormalization Group. The Critical Theory near Dimension Four 616

518 25.1 Renormalization Group: The General Idea 617
527 25.2 The Gaussian Fixed Point 622
529 25.3 Critical Behaviour: The Effective ¢4 Field Theory 625
531 25.4 Renormalization Group Equations near Four Dimensions 626

Ition · . · . 532 25.5 Solution of the RG Equations: The e-Expansion 629
532 25.6 Critical Correlation Functions with ¢2(x) Insertions 632
534 Bibliographical Notes 635
535 26 Scaling Behaviour in the Critical Domain 636
536 26.1 Strong Scaling above Tc : The Renormalized Theory 637
538 26.2 Expansion around the Critical Theory 641
541 26.3 Scaling Laws above Tc 641
546 26.4 Correlation Functions with ¢2 Insertions 643
547 26.5 Scaling Laws in a Magnetic Field and Below Tc 645

!lIds and Tensors 549 26.6 The N-Vector Model 648
549 26.7 Asymptotic Expansion of the Two-Point Function 654

tive · . · . 552 Bibliographical Notes 656
555 A26 The Specific Heat for a = 0 658
556 27 Corrections to Scaling Behaviour 660
560 27.1 Corrections to Scaling: Generic Dimensions 660
561 27.2 Logarithmic Corrections at the Upper-Critical Dimension 662
563 27.3 Irrelevant Operators and the Question of Universality 665

ty .. . . 566 27.4 Corrections Coming from Irrelevant Operators. Improved Action 667
569 27.5 Application: Uniaxial Systems with Strong Dipolar Forces 669

lity · . · . 570 Bibliographical Notes 674
570 28 Non-Magnetic Systems and the (¢J2)2 Field Theory 675
571 28.1 Statistics of Self-Repelling Chains, Approximations 675
574 28.2 Liquid-Vapour Phase Thansition and Field Theory 680
577 28.3 Superfluid Transition 685
579 Bibliographical Notes 689

;ems 581 29 Calculation of Universal Quantities 690
584 29.1 The e-Expansion 690
586 29.2 The Perturbative Expansion at Fixed Dimension 698
587 29.3 The Series Summation 700
588 29.4 Numerical Estimates of Critical Exponents 702
589 29.5 Comparison with Lattice Model Estimates 704
592 29.6 Critical Exponents from Experiments 705
592 29.7 Amplitude Ratios 706
594 Bibliographical Notes 707
595 30 The O(N) Vector Model for N Large 710
598 30.1 The Large N Action 710
602 30.2 Large N Limit: Saddle Point Equations, Critical Domain 712
606 30.3 RG Functions and Leading Corrections to Scaling 718
608 30.4 Small Coupling Constant, Large Momentum Expansions for d < 4 720
608 30.5 Dimension 4: Thiviality, Higgs Mass 721 \

610 30.6 The Non-Linear a-Model in the Large N Limit 723
610 30.7 The liN-Expansion: An Alternative Field Theory 727
613 30.8 Explicit Calculations: Critical Exponents 729

Contents

A24.3 High, Low Temperature and Mean Field Approximations .... ...
2S General Renormalization Group. The Critical Theory near Dimension Four

25.1 Renormalization Group: The General Idea
25.2 The Gaussian Fixed Point .
25.3 Critical Behaviour: The Effective ¢4 Field Theory
25.4 Renormalization Group Equations near Four Dimensions
25.5 Solution of the RG Equations: The e-Expansion
25.6 Critical Correlation Functions with ¢2(X) Insertions

Bibliographical Notes . . . . . . . . . . . . . . . .
26 Scaling Behaviour in the Critical Domain . . . . .

26.1 Strong Scaling above Tc : The Renormalized Theory
26.2 Expansion around the Critical Theory
26.3 Scaling Laws above Tc .•....

26.4 Correlation Functions with ¢2 Insertions
26.5 Scaling Laws in a Magnetic Field and Below Tc
26.6 The N -Vector Model . . . . . . . . . . .
26.7 Asymptotic Expansion of the Two-Point Function

Bibliographical Notes . . . . . . .
A26 The Specific Heat for Q = 0
27 Corrections to Scaling Behaviour

27.1 Corrections to Scaling: Generic Dimensions
27.2 Logarithmic Corrections at the Upper-Critical Dimension
27.3 Irrelevant Operators and the Question of Universality . .
27.4 Corrections Coming from Irrelevant Operators. Improved Action
27.5 Application: Uniaxial Systems with Strong Dipolar Forces

Bibliographical Notes . . . . . . . . . . . . . . . .
28 Non-Magnetic Systems and the ((jJ2? Field Theory

28.1 Statistics of Self-Repelling Chains, Approximations
28.2 Liquid-Vapour Phase Transition and Field Theory
28.3 Superfluid Transition . . . . .

Bibliographical Notes . . . . . . . .
29 Calculation of Universal Quantities

29.1 The e-Expansion . . . . . . .
29.2 The Perturbative Expansion at Fixed Dimension
29.3 The Series Summation .
29.4 Numerical Estimates of Critical Exponents
29.5 Comparison with Lattice Model Estimates
29.6 Critical Exponents from Experiments
29.7 Amplitude Ratios .

Bibliographical Notes . . . . . . . . .
30 The O(N) Vector Model for N large

30.1 The Large N Action .
30.2 Large N Limit: Saddle Point Equations, Critical Domain
30.3 RG Functions and Leading Corrections to Scaling
30.4 Small Coupling Constant, Large Momentum Expansions for d < 4
30.5 Dimension 4: Triviality, Higgs Mass .
30.6 The Non-Linear a-Model in the Large N Limit . .
30.7 The 1/N -Expansion: An Alternative Field Theory
30.8 Explicit Calculations: Critical Exponents ....

:rvii

614
616
617
622
625
626
629
632
635
636
637
641
641
643
645
648
654
656
658
660
660
662
665
667
669
674
675
675
680
685
689
690
690
698
700
702
704
705
706

I
707 'i
710 II

i
710 ;j

712 II
Ii
:1

718

II
720
721 \

723 II

727
:i

729



Contents

Bibliographical Notes . . . . . . . . . . . . .
31IPhase Transitions near Two Dimensions

31.1 (cfJ2)2 Field Theory and Non-Linear a-Model
31.2 The Non-Linear a-Model: Symmetry Breaking, RG Equations
31.3 RG Equations: Discussion
31.4 Results Beyond One-Loop
31.5 The Dimension 2 . . .
31.6 Generalizations
31.7 The Gross-Neveu Model
31.8 The Gross-Neveu-Yukawa Model
31.9 GNY and GN Models in the Large N Limit

31.10 The Large N Expansion . . . . . ....
Bibliographical Notes . . . . . . . . . . . . .
32 Two-Dimensional Models and Bosonization Method

32.1 The Free Massless Scalar Field .
32.2 The Free Massless Dirac Fermion
32.3 The Sine-Gordon Model . .
32.4 The Schwinger Model . . .
32.5 The Massive Thirring Model
32.6 A Two-Fermion Model

Bibliographical Notes . . . .
A32 A Few Additional Results
A32.1 The Schwinger Model .
A32.2 The SU(N) Thirring Model
A32.3 Solitons in the Sine-Gordon Model
33 The 0(2) Classical Spin Model in Two Dimensions

33.1 The Spin Correlation Functions
33.2 Correlation Functions in a Field
33.3 The Coulomb Gas in Two Dimensions
33.4 0(2) Spin Model and Coulomb Gas .
33.5 The Critical Two-Point Function in the 0(2) Model
33.6 The Generalized Thirring Model

Bibliographical Notes . . . . . . . . .
34 Critical Properties of Gauge Theories

34.1 Gauge Invariance on the Lattice
34.2 The Pure Gauge Theory
34.3 Wilson's Loop and Confinement
34.4 Mean Field Approximation

Bibliographical Notes . . . . . . . .
A34 Gauge Theory and Confinement in Two Dimensions
35 UV Fixed Points in Quantum Field Theory .....

35.1 The (cfJ2)Z Field Theory: Large Momentum Behaviour and Triviality
35.2 General ¢4-like Field Theories: d = 4
35.3 Theories with Scalar Bosons and Fermions . . .
35.4 Gauge Theories .
35.5 Applications: The Theory of Strong Interactions

Bibliographical Notes . . . . . . . . . . . . . . .
36 Critical Dynamics .

36.1 Dissipative Case: RG Equations near Four Dimensions

731
733
734
736
739
743
746
747
747
750
752
756
758
759
759
763
769
771
774
777
781
782
782
783
786
787
788
790
791
795
797
799
799
800
800
802
805
810
813
815
817
817
822
824
826
828
831
832
833

36.2 Dissipative Case: RG
36.3 Conserved Order Para
36.4 Relaxational Model wi
36.5 A Non-Relaxational M

Bibliographical Notes . . .
A36 RG Functions at Two L
A36.1 The (cfJ2)2 Field Them
A36.2 The Non-Linear a-Moc
37 Field Theory in a Finite C

37.1 Renormalization GroU]
37.2 Momentum Quantizati
37.3 The ¢4 Field Theory it
37.4 The ¢4 Field Theory: '
37.5 Finite Size Effects in tl
37.6 Finite Size Effects and

Bibliographical Notes . . .
A37 .
A37.1 Discrete Symmetries aI

A37.2 Perturbation Theory in
38 Quantum Field Theory at

38.1 Finite (and High) Tern]
38.2 The Example of the ¢f
38.3 High Temperature and
38.4 The Non-Linear a-Mod
38.5 The Non-Linear a-Mod
38.6 The Gross-Neveu in thl
38.7 Abelian Gauge Theorie
38.8 Non-Abelian Gauge Th

Bibliographical Notes . . .
A38 Feynman Diagrams at Fi
A38.1 One-Loop Calculations
A38.2 Group Measure
39 Instantons in Quantum M

39.1 The Quartic Anharmon
39.2 A Toy Model: A SimplE
39.3 Quantum Mechanics: Ix
39.4 Instanton Contribution
39.5 General Potentials: Ins1
39.6 Gaussian Integration: 1
39.7 Low Temperature Evatt

Bibliographical Notes . . .
A39 .
A39.1 Classical Equations of !\
A39.2 The WKB Method
A39.3 The Average Action in :
40 Unstable Vacua in Quantll

40.1 The ¢4 Field Theory fOJ
40.2 General Potentials: Inst
40.3 The ¢4 Field Theory in

xmn Contents

Bibliographical Notes . . . . . . . . . . . . . 731
31 \Phase Transitions near Two Dimensions 733

31.1 (c/>2)2 Field Theory and Non-Linear a-Model 734
31.2 The Non-Linear a-Model: Symmetry Breaking, RG Equations 736
31.3 RG Equations: Discussion 739
31.4 Results Beyond One-Loop 743
31.5 The Dimension 2 . . . 746
31.6 Generalizations .... 747
31.7 The Gross-Neveu Model 747
31.8 The Gross-Neveu-Yukawa Model 750
31.9 GNY and GN Models in the Large N Limit 752

31.10 The Large N Expansion . . . . . . . . . 756
Bibliographical Notes . . . . . . . . . . . . . 758
32 Two-Dimensional Models and Bosonization Method 759

32.1 The Free Massless Scalar Field . 759
32.2 The Free Massless Dirac Fermion 763
32.3 The Sine-Gordon Model . . 769
32.4 The Schwinger Model . . . 771
32.5 The Massive Thirring Model 774
32.6 A Two-Fermion Model 777

Bibliographical Notes . . . . 781
A32 A Few Additional Results 782
A32.1 The Schwinger Model . 782
A32.2 The SU(N) Thirring Model 783
A32.3 Solitons in the Sine-Gordon Model 786
33 The 0(2) Classical Spin Model in Two Dimensions 787

33.1 The Spin Correlation Functions 788
33.2 Correlation Functions in a Field 790
33.3 The Coulomb Gas in Two Dimensions 791
33.4 0(2) Spin Model and Coulomb Gas . 795
33.5 The Critical Two-Point Function in the 0(2) Model 797
33.6 The Generalized Thirring Model 799

Bibliographical Notes . . . . . . . . . 799
34 Critical Properties of Gauge Theories 800

34.1 Gauge Invariance on the Lattice 800
34.2 The Pure Gauge Theory 802
34.3 Wilson's Loop and Confinement 805
34.4 Mean Field Approximation 810

Bibliographical Notes . . . . . . . . 813
A34 Gauge Theory and Confinement in Two Dimensions 815
35 UV Fixed Points in Quantum Field Theory ..... 817

35.1 The (c/>2? Field Theory: Large Momentum Behaviour and Triviality 817
35.2 General ¢4-like Field Theories: d = 4 822
35.3 Theories with Scalar Bosons and Fermions . . . 824
35.4 Gauge Theories 826
35.5 Applications: The Theory of Strong Interactions 828

Bibliographical Notes . . . . . . . . . . . . . . . 831
36 Critical Dynamics 832

36.1 Dissipative Case: RG Equations near Four Dimensions 833



Contents xix

731 36.2 Dissipative Case: RG Equations Near Two Dimensions 837
733 36.3 Conserved Order Parameter .. 839
734 36.4 Relaxational Model with Energy Conservation 840

; Equations . . .. 736 36.5 A Non-Relaxational Model . . . . . . 843
739 Bibliographical Notes · . . . · . 845
743 A36 RG Functions at Two loops: Supersymmetric Perturbation Theory 847
746 A36.1 The (4J2)2 Field Theory: Dynamic Exponent . . .. 847
747 A36.2 The Non-Linear O"-Model .. . . 849
747 37 Field Theory in a Finite Geometry: Finite Size Scaling 852
750 37.1 Renormalization Group in Finite Geometries . 852
752 37.2 Momentum Quantization · . · . . . 856
756 37.3 The ¢4 Field Theory in a Periodic Hypercube 858
758 37.4 The ¢4 Field Theory: The Cylindrical Geometry 864
759 37.5 Finite Size Effects in the Non-Linear O"-Model 868
759 37.6 Finite Size Effects and Dynamics 874
763 Bibliographical Notes . . · . · . 878
769 A37 .. · .. · . . . 880
771 A37.1 Discrete Symmetries and Finite Size Effects 880
774 A37.2 Perturbation Theory in a Finite Volume . . 884
777 38 Quantum Field Theory at Finite Temperature: Equilibrium Properties 885
781 38,1 Finite (and High) Temperature Field Theory 885
782 38,2 The Example of the ¢t d-l Field Theory 889
782 38.3 High Temperature and Critical Limits , . 894
783 38.4 The Non-Linear O"-Model in the Large N Limit 898
786 38,5 The Non-Linear O"-Model: Dimensional Reduction 902
787 38.6 The Gross-Neveu in the Large N Expansion 909
788 38.7 Abelian Gauge Theories 915
790 38.8 Non-Abelian Gauge Theories .. 923
791 Bibliographical Notes · . . . . . . . 926
795 A38 Feynman Diagrams at Finite Temperature 928

el . . ~ . .. 797 A38,1 One-Loop Calculations . . · . 928
799 A38.2 Group Measure · . . . .. 930
799 39 Instantons in Quantum Mechanics 931
800 39,1 The Quartic Anharmonic Oscillator for Negative Coupling 932
800 39.2 A Toy Model: A Simple Integral · . 933
802 39.3 Quantum Mechanics: Instantons 935
805 39.4 Instanton Contribution at Leading Order 936
810 39.5 General Potentials: lnstanton Contributions 941
813 39.6 Gaussian Integration: The Shifting Method 942

ns . . , , . 815 39.7 Low Temperature Evaluation 948
817 Bibliographical Notes .. . . . . 949

iour and Triviality 817 A39 .. , . 950
822 A39.1 Classical Equations of Motion 950
824 A39.2 The WKB Method 952
826 A39.3 The Average Action in Path Integrals 955.
828 40 Unstable Vacua in Quantum Field Theory 956
831 40.1 The ¢4 Field Theory for Negative Coupling 957
832 40.2 General Potentials: Instanton Contributions 962

lions . . . .. 833 40.3 The ¢4 Field Theory in Dimension 4 963

Contents xix

36.2 Dissipative Case: RG Equations Near Two Dimensions 837
36.3 Conserved Order Parameter . . . . . . . . 839
36.4 Relaxational Model with Energy Conservation 840
36.5 A Non-Relaxational Model 843

Bibliographical Notes . . . . . . . . . . . . . . 845
A36 RG Functions at Two loops: Supersymmetric Perturbation Theory 847
A36.1 The (¢2)2 Field Theory: Dynamic Exponent . . . . 847
A36.2 The Non-Linear a-Model 849
37 Field Theory in a Finite Geometry: Finite Size Scaling 852

37.1 Renormalization Group in Finite Geometries . 852
37.2 Momentum Quantization 856
37.3 The ¢4 Field Theory in a Periodic Hypercube 858
37.4 The ¢4 Field Theory: The Cylindrical Geometry 864
37.5 Finite Size Effects in the Non-Linear a-Model 868
37.6 Finite Size Effects and Dynamics 874

Bibliographical Notes . . . . . . . . . . . . . 878
A37 880
A37.1 Discrete Symmetries and Finite Size Effects 880
A37.2 Perturbation Theory in a Finite Volume . . 884
38 Quantum Field Theory at Finite Temperature: Equilibrium Properties 885

38.1 Finite (and High) Temperature Field Theory 885
38.2 The Example of the ¢f d-l Field Theory 889
38.3 High Temperature and'Critical Limits 894
38.4 The Non-Linear a-Model in the Large N Limit 898
38.5 The Non-Linear a-Model: Dimensional Reduction 902
38.6 The Gross-Neveu in the Large N Expansion 909
38.7 Abelian Gauge Theories . . 915
38.8 Non-Abelian Gauge Theories 923

Bibliographical Notes . . . . .. 926
A38 Feynman Diagrams at Finite Temperature 928
A38.1 One-Loop Calculations 928
A38.2 Group Measure 930
39 Instantons in Quantum Mechanics 931

39.1 The Quartic Anharmonic Oscillator for Negative Coupling 932
39.2 A Toy Model: A Simple Integral . . . . 933
39.3 Quantum Mechanics: Instantons . . . . . 935
39.4 Instanton Contribution at Leading Order 936
39.5 General Potentials: lnstanton Contributions 941
39.6 Gaussian Integration: The Shifting Method 942
39.7 Low Temperature Evaluation 948

Bibliographical Notes . . . . . . . 949
A39 950
A39.1 Classical Equations of Motion 950
A39.2 The WKB Method . . . . . 952
A39.3 The Average Action in Path Integrals 95iJ.
40 Unstable Vacua in Quantum Field Theory 956

40.1 The ¢4 Field Theory for Negative Coupling 957
40.2 General Potentials: Instanton Contributions 962
40.3 The ¢4 Field Theory in Dimension 4 963



xx Contents

40.4 Instanton Contributions at Leading Order
\ 40.5 Coupling Constant Renormalization

40.6 The Imaginary Part of the n-Point Function
40.7 The Massive Theory .
40.8 Cosmology: The Decay of the False Vacuum

Bibliographical Notes . . . . . . .
A40 Instantons: Additional Remarks
A40.1 Virial Theorem .
A40.2 Sobolev Inequalities .
A40.3 Instantons and RG Equations
A40.4 Conformal Invariance . . . .
41 Degenerate Classical Minima and Instantons

41.1 The Double-Well Potential
41.2 The Periodic Cosine Potential
41.3 Instantons and Stochastic Dynamics
41.4 Instantons in Stable Boson Field Theories: General Remarks
41.5 Instantons in CP(N - 1) Models ...
41.6 Instantons in the SU(2) Gauge Theory

Bibliographical Notes . . . . . . . . . .
A41 .
A41.1 Trace Formula for Periodic Potentials
42 Perturbation Series at Large Orders. Summation Methods

42.1 Quantum Mechanics .
42.2 Scalar Field Theory .
42.3 The ¢4 Field Theory in Four Dimensions
42.4 Field Theories with Fermions .....
42.5 Divergent Series, Borel Summability
42.6 Large Order Behaviour and Borel Summability
42.7 Practical Summation Methods

Bibliographical Notes . . . . . . . . . . . . .
A42 .
A42.1 Large Order Behaviour for Simple Integrals
A42.2 Non-Loop Expansions . . . . ....
A42.3 Linear Differential Approximants . . .
43 Multi-Instantons in Quantum Mechanics

43.1 The Double-Well Potential .....
43.2 The Periodic Cosine Potential
43.3 General Potentials with Degenerate Minima
43.4 The O(v) Symmetric Anharmonic Oscillator
43.5 Generalized Bohr-Sommerfeld Quantization Formula

Bibliographical Notes . . . . . . . . .
A43 .
A43.1 Multi-Instantons: The Determinant
A43.2 The Instanton Interaction
A43.3 A Simple Example of Non-Borel Summability
A43.4 Multi-Instantons and WKB Approximation
Index .

965
968
970
971
972
973
974
974
975
977
978
980
980
982
985
988
990
992
995
996
996
997
997

1000
1001
1005
1010
1011
1012
1016
1018
1018
1018
1019
1020
1021
1028
1032
1035
1037
1038
1039
1039
1040
1042
1044
1047

1 ALGEBRAIC PRELI~

It is somewhat unusual to 1
in general hidden in appeIJ
quantum mechanics and qt
integrals and more generally
these concepts may find it c
the derivation of many rest
the various technical difficul
rather than carefully hidden

Therefore, in this first cl
integrals, in particular Wid
distributions. We discuss til
integrals to gaussian expectl

We then define and diSCI
Grassmann, that is, antisym
In particular, we calculate g,
sian expectation values.

Throughout the chapter,
of variables, because the foe
ization to an infinite numbeJ
chapters.

We also recall the concep
tional differentiation and thE

Notation. In this chapter,
summation over repeated inll
explicitly.

Partial derivatives of a fun
by aIOXi or when the notatil

Finally, boldface will deno1
italics with indices will denoj

1.1 Gaussian Integrals

In this section, we briefly re'
case of a finite number of int

We first consider an n-dim
the form

with

xx Contents

40.4 Instanton Contributions at Leading Order
\ 40.5 Coupling Constant Renormalization

40.6 The Imaginary Part of the n-Point Function
40.7 The Massive Theory .
40.8 Cosmology: The Decay of the False Vacuum

Bibliographical Notes . . . . . . .
A40 Instantons: Additional Remarks
A40.1 Virial Theorem .
A40.2 Sobolev Inequalities .
A40.3 Instantons and RG Equations
A40.4 Conformal Invariance . . ..
41 Degenerate Classical Minima and Instantons

41.1 The Double-Well Potential
41.2 The Periodic Cosine Potential .
41.3 Instantons and Stochastic Dynamics
41.4 Instantons in Stable Boson Field Theories: General Remarks
41.5 Instantons in CP(N - 1) Models ...
41.6 Instantons in the SU(2) Gauge Theory

Bibliographical Notes . . . . . . . . . .
A41 .
A41.1 Trace Formula for Periodic Potentials .
42 Perturbation Series at Large Orders. Summation Methods

42.1 Quantum Mechanics .
42.2 Scalar Field Theory .
42.3 The ¢4 Field Theory in Four Dimensions
42.4 Field Theories with Fermions .....
42.5 Divergent Series, Borel Summability
42.6 Large Order Behaviour and Borel Summability
42.7 Practical Summation Methods

Bibliographical Notes . . . . . . . . . . . . .
A42 _ .
A42.1 Large Order Behaviour for Simple Integrals
A42.2 Non-Loop Expansions . . . . ....
A42.3 Linear Differential Approximants . . .
43 Multi-Instantons in Quantum Mechanics

43.1 The Double-Well Potential .....
43.2 The Periodic Cosine Potential .. _ .
43.3 General Potentials with Degenerate Minima
43.4 The O(v) Symmetric Anharmonic Oscillator
43.5 Generalized Bohr-Sommerfeld Quantization Formula

Bibliographical Notes . . . . . . . . .
A43 .
A43.1 Multi-Instantons: The Determinant
A43.2 The Instanton Interaction . . . .
A43.3 A Simple Example of Non-Borel Summability
A43.4 Multi-Instantons and WKB Approximation
Index .

965
968
970
971
972
973
974
974
975
977
978
980
980
982
985
988
990
992
995
996
996
997
997

1000
1001
1005
1010
1011
1012
1016
1018
1018
1018
1019
1020
1021
1028
1032
1035
1037
1038
1039
1039
1040
1042
1044
1047


